
I. Introduction

Rotation is a fundamental geometric transformation
used in computer graphics and image processing.  The
rotation of an image requires the calculation of a new
position for each point of the image after the transforma-
tion.  The method used in most textbooks (Foley et al.,
1990; Hearn and Baker, 1994; Hill, 1990; Plastock and
Kalley, 1986) and by many researchers (Cheng et al.,
1990; Chien and Baek, 1998) for rotating images is briefly
reviewed as follows.

An image point p = (x,y) on the x-y plane is rotated
about the origin of the x-y plane through use of the fol-
lowing transformation:

x' = x cosθ –y sinθ, (1a)

y' = x sinθ + y cosθ, (1b)

where p' = (x',y') is the associated point after rotation, and
θ is the angle of rotation.  Figure 1 shows the geometric
relationship between p, p' and θ.

In raster-scan displays, each rotated point is first cal-
culated by using Eq. (1), and a truncation or a round-off

function is then used to get the integer values of its calcu-
lated floating point coordinates.  We will denote the trun-
cation or the round-off as the post-integer-conversion.
Using Eq. (1), the rotation of a rectangular image array
Amn of image points may be described as follows:

for x = 0 to m-1
begin

for y = 0 to n-1
begin
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Fig. 1. An image point rotated through an angle θ about the origin.



NewX = x cosθ –y sinθ
NewY = x sinθ + y cosθ
NewColor = col_table(x,y)
put_pixel(NewX, NewY, NewColor)

end
end

where m is the width of the original image, n is the height
of the original image, and col_table stores the color
attribute of the original image.

However, use of the above image rotating algorithm,
for some values of θ, can result in the creation of holes,
which was referred to as the “measles” problem by Cheng
et al. (1990), while for some rotation angles, no holes are
generated.

In this paper, the authors propose a rigorous math-
ematical model to define and demonstrate various hole
effects.  The remainder of the paper is organized as fol-
lows.  Section II presents the mathematical model.  Sec-
tion III presents discussion of the various hole effects
based on our proposed model, and also presents experi-
mental results which support our model.  Finally, we pro-
vide a set of short conclusions in Section IV.

II. The Model of the Hole Effect

Definitions of some related terminology are as fol-
lows:

Definition 1. Plane P. P is a plane consisting of a set of
points p ≡ (x,y), where x, y ∈ R ≡ the set of real numbers.

Definition 2. The round-off function ROUND. The
round-off function ROUND is defined as ROUND(f ) = n,
where n ≤ f + 1/2 < n + 1, f ∈ R and n ∈ Z ≡ the set of
integers.

Definition 3. The truncation function TRUNCATE.
The truncation function TRUNCATE is defined as TRUN-
CATE(f ) = n, where n ≤ f < n + 1, f ∈ R and n ∈ Z.

Definition 4. The associative function ASSOC.

(2)

∀i, j ∈ I ≡ the set of nonnegative integers, and pi, pj ∈ P.

Definition 5. A 4NAP. The four distinct points p0, p1, p2,
and p3 are said to form a 4NAP (Four Near Associative
Points) if ASSOC(pi,pj) = 0, ∀i, j, 0 ≤ i ≤ 3,  0 ≤ j ≤ 3, and
i ≠ j.

Definition 6. A 4FAP. The four distinct points p0, p1, p2,
and p3 are said to form a 4FAP (Four Far Associative
Points) if ASSOC(p0, p1) = ASSOC(p1, p2) = ASSOC(p2,
p3) = ASSOC(p3, p0) = 0 and ASSOC(p0, p2) = ASSOC
(p1, p3) = 1.

Definition 7. Hole. If the five distinct points ph, p0, p1, p2,
and p3 are such that p0, p1, p2 and p3 form a 4FAP, and if
ph is surrounded by this 4FAP, then ph is a hole.

An image rotation is an Ideal Rotation (I.R.) if there
is no hole in the rotated image. Using the above terminol-
ogy, we will discuss the hole effect in the following.

Definition 8. Ideal Rotation. Let p0, p1, p2 and p3 form a
4NAP, as shown in Fig. 2, where p0 = (x ,y), p1 = (x +
1,y), p2 = (x + 1,y + 1), p3 = (x ,y + 1), and x ,y ∈ P. Using
Eq. (1), the four corresponding rotated points are calculat-
ed as follows:

p'0 = (x'0, y'0)

= ((xcosθ –ysinθ) , (xsinθ + ycosθ)), (3)

p'1 = (x'1, y'1)

= (((x + 1)cosθ –ysinθ), ((x + 1)sinθ + y cosθ)),
(4)

p'2 = (x'2, y'2)

= (((x + 1)cosθ –(y + 1)sinθ),

((x + 1)sinθ + (y + 1)cosθ)), (5)
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Fig. 2. The four distinct points p0, p1, p2, and p3 form a 4NAP.



p'3 = (x'3, y'3)

= ((xcosθ –(y + 1)sinθ), (xsinθ + (y + 1)cosθ)).
(6)

Since the calculated values of the x’s and the y’s are
floating-point numbers, it is necessary to use either trunca-
tion or round-off to convert these into integers (i.e., post-
integer-conversion) in order to organize the related pixels
on the screen.

The values of the associative function are essential
to the proof of the hole effect.  Equation (1) is used to cal-
culate some of these as follows:

(7a)

(7b)

⇒ ASSOC(p'0, p'1) = 0,

(8a)

(8b)

(9a)

(9b)

(10a)

⇒ ASSOC(p'3, p'0) = 0.

To complete the mathematical model, various hole
effects are divided into the following types, with some
post-integer-conversion explained:

(1) R135t stands for rotation of 135º, and post-integer-
conversion is used to truncate the floating-point
value.

(2) R135r stands for rotation of 135º, and post-integer-
conversion is used to round off the floating-point
value.

(3) Rθr stands for rotation through a random angle (θ ),
and post-integer-conversion is used to round off,
where θ can be any angle except a multiple of 90º.

(4) Rθt stands for rotation through a random angle (θ ),
and post-integer-conversion is used to truncate,
where θ can be any angle except a multiple of 90º.

(5) Rsr stands for rotation through a special angle (i.e.,
a multiple of 90º), and post-integer-conversion is
used to round-off.

(6) Rst stands for rotation through a special angle (i.e.,
a multiple of 90º), and post-integer-conversion is
used to truncate.

III. Proof of the Various Hole-Effect
Theorems

Theorem 1. The rotation R135t is not an I.R.

Proof. By Definitions 6 and 7, R135t is not an I.R. if there
exists a hole surrounded by p'0, p'1, p'2 and p'3 as shown in
Fig. 3, i.e., if

ASSOC(p'0, p'2) = 1, ASSOC(p'1, p'3) = 1,

and

ASSOC(p'0, p'1) = ASSOC(p'1, p'2)

= ASSOC(p'2, p'3) = ASSOC(p'3, p'0) = 0 (11)

∀i, j, 0 ≤ i ≤ 3,  0 ≤ j ≤ 3, and i ≠ j.

In Eq. (11), the last four equalities have already been
derived in Eqs. (7)-(10) and need not be mentioned again.
It, therefore, remains to be shown that:

ASSOC(p'0, p'2) = 1 (12)

and
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ASSOC(p'1, p'3) = 1 (13)

Condition (12) can be divided into Case 1: x'2 > x'0 and
Case 2: x'2 < x'0.  Similarly, condition (13) can be split into
Case 3: y'3 < y'1 and Case 4: y'3 > y'1.

Note that for condition (12), the magnitude of
y'0 –y'2 is not essential.  This can be seen by noting that

(14a)

(14b)

Therefore, with θ = 135º, we have sinθ + cosθ = 0,
sinθ + cosθ > 1. Since sinθ + cosθ = 0, the term
y'0 –y'2 clearly has nothing to do with the associative
function.  For ASSOC(p'0,p'2) = 1, only the term x'0 –
x'2 needs be considered.

Case 1 x'2 > x'0. From Eq. (14), it follows that

x'2 = x'0 + sinθ + cosθ with θ = 135º. (15)

When θ = 135º, values for θmin, θmax, and β are such that
θmin ≤ θ ≤ θmax, sinθ –cosθ = 1 + β, and 0 ≤ β < 0.5.
For example, let θ = 135º, θmin = 125º, and θmax = 145º;
then β = –1 (or 0.414...), so 0 ≤ β < 0.5, and condition
(12) is obviously true.  To help the reader understand the
above theory, another example is used to provide greater
insight into how the theory works.

Taking θ = 135º, the rotated coordinate x'0 of x0 is
xcosθ – ysinθ, which is a floating-point number.  Any
floating-point number can be represented as the sum of its
integer part and its decimal part; thus, the floating-point
value x'0 is given by

x'0 = n + α, (16)

where n (∈ Z) is the integer part and α (∈ R, 0 ≤ α < 1) is
the decimal part, respectively.  Applying Eq. (1), it fol-
lows that

xcosθ –ysinθ = n + α (17)

or

α = xcosθ –ysinθ –n. (18)

For given values of θ = 135º and α, it is easily seen
that there are many sets of values of x, y and n satisfying
Eq. (18), assuming that one of the many sets making Eq.
(18) is valid.  Using this set, with θ = 135º and with α set
to 0.7, Eq. (18) becomes

α = xcosθ –ysinθ –n = 0.7 ≥ 0. (19)

With θ = 135º, it follows that sin135º –cos135º =
= 1.4 + β1, where β1 > 0, and Eq. (15) becomes

x'2 = x'0 + 1 + β, (20)

where β = β1 + 0.4 and β ≥ 0.4.  Substituting Eq. (16) into
Eq. (20), the resulting x'2 can be written as

x'2 = n + 1 + α + β, β ≥ 0.4, α = 0.7. (21)

Grouping terms in Eq. (21), x'2 takes the form

x'2 = n + 2 + ε (22)

0 < ε = α + β –1.0 < 1. (23)

Before the rotated image point is drawn on the screen, the
integer values of x' and y' in Eq. (1) must be determined,
either by truncation or by rounding off.  In the present the-
orem, the subscript character “t” in R135t means that trun-
cation is used afterwards.  Using truncation, the results for
x'0 and x'2 are TRUNCATE(x'0) = TRUNCATE(n + α) = n
and TRUNCATE(x'2) = TRUNCATE(n + 2 + ε) = n + 2, re-
spectively.

Since α = 0.7 from Eq. (18) and 0 < ε < 1 from Eqs.
(22) and (23), both α and ε are truncated.  Note that, from
Eq. (20), we have β ≥ 0.4 for the fixed angle θ (= 135º).
For Eq. (23) to hold, we must have α ≥ 1 –β = 0.6 or
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Fig. 3. The four distinct points p0, p1, p2, and p3 form a 4FAP, and ph is a
hole.



α ≥ 0.6.  Thus, if α is chosen as 0.7, then the condition
α ≥ 0.6 will be satisfied. Q.E.D.

The above proof reveals that the difference between
the integer values of x'0 and x'2 is always greater than or
equal to 2.  Alternatively, after rotation, the original hori-
zontal line segment x'0 to x'2 of length 2 becomes a hori-
zontal line segment x'0 to x'2 of length 3; i.e., there is a one
point horizontal gap (a hole) between p'0 and p'2. 

Case 2 x'0 > x'2. From Eq. (14), it follows that

x'0 = x'2 + sinθ –cosθ with θ = 135º. (24)

Comparing Eq. (24) with Eq. (15), we find that Eq. (24) is
nothing but Eq. (15) with the roles of x'0 and x'2 inter-
changed.  Therefore, the derivation steps for Case 2
should be exactly the same as those for Case 1 with x'0 and
x'2 interchanged.  The proof of Case 2 is thus omitted to
save space.  It follows that there also exists a horizontal
hole between p'0 and p'2 in this case. Q.E.D.

The proof of condition (13) is as follows:

Proof. From Eq. (1), the following result can be obtained:

(25a)

(25b)

Taking θ = 135º, both sinθ + cosθ = 0 and sinθ – cosθ
> 1.  Since sinθ + cosθ = 0 in this case, the same rea-
soning used for (12) leads to consideration of Case 3: y'3 >
y'1 as before, where

y'3 = y'1 + sinθ –cosθ and θ = 135º; (26)

and Case 4: y'3 < y'1 likewise, where

y'1 = y'3 + sinθ –cosθ and θ = 135º. (27)

Comparing the above Eq. (26) with the former Eq.
(15), we find that Eq. (26) is simply a rewriting of Eq.
(15) except that x'0 and x'2 in Eq. (15) are now replaced by
y'1 and y'3 in Eq. (26), respectively.  This is also true for
Eqs. (27) and (24).  It follows that proof of Cases 3 and 4
proceeds along the same lines as it does for Cases 1 and 2
above; thus, a (vertical) hole between p'1 and p'3 is seen to
exist.  Summerizing the proofs of Cases 1-4 above, it is

verified that a hole is generated for θ = 135º; therefore
rotation R135t is not an I.R. Q.E.D.

Having proved Theorem 1, we can now prove the
following.

Theorem 2. The rotation R135r is not an I.R.

Proof . The derivation steps preceding the post-integer-
conversion are almost exactly the same as Eq. (11) to Eq.
(18) in Theorem 1, so most of the steps are omitted here.
Also, only the post-integer-conversion of the present proof
is considered.  For reference, Eqs. (16) and (21) can be
rewritten as Eqs. (28) and (29) as follows:

x'0 = n + α, (28)

x'2 = n + 1 + α + β. (29)

Next, post-integer-conversion is accomplished by
means of the round-off function.  Note that θ = 135º
implies that 0.414... < β < 0.5.  Note also that the values
of α and β can be found via the round-off function, such
that the new values of x'0 and x'2 become ROUND(x'0)
= n, and ROUND(x'2) = n + 2, respectively.  This is easy
to show.  Instead of choosing α = 0.7, as in Theorem 1,
the desired result can be obtained by letting α = 0.4.

The same reasoning used in Theorem 1 shows that
there are many sets (x,y,n) of values which validate Eq.
(28).  This proves that there is a (horizontal) hole between
p'0 and p'2.  The same argument used in Theorem 1 can be
applied to the cases of y'1 and y'3.  It, therefore, follows
that R135r is not an I.R. Q.E.D.

The proof of general rotation angles is presented in
the following.

Theorem 3. The rotation Rθr is not an I.R.

In this theorem, both condition (12): ASSOC(p'0,
p'2) = 1 and condition (13): ASSOC(p'1, p'3) = 1 have to be
proved.

Proof. With respect to condition (12), the equations to be
checked for ASSOC(p'0, p'2) = 1 are as follows:
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Note that, by definition, ASSOC(p'0, p'2) = 1 implies that

; thus, either x'0 –x'22 > 2 or

y'2 –y'0
2 > 2.  For the proof, only the larger of these

terms is needed while the smaller one can be ignored.  To
justify the use of only this larger term, it is necessary to
consider the following cases:

Case 1. When θ (not a multiple of 90º) is in the second or
the fourth quadrant, sinθ –cosθ > sinθ + cosθ, and
the larger term is x'0 –x'2.  From Eq. (30), if x'2 ≥ x'0, it
follows that

x'2 = x'0 + sinθ –cosθ (32)

while if x'0 ≥ x'2 , it is true that

x'0 = x'2 + sinθ –cosθ. (33)

When θmin = 90º and θmax = 180º, or when θmin = 270º
and θmax = 360º, for all θ such that θmin < θ < θmax (θ is
not a multiple of 90º),

(34)

Since sin2θ < 0, it follows that 1 –sin2θ > 1 and, therefore,
that while sinθ –cosθ can
be set to 1 + β , with β > 0.  Therefore, Eq. (32) can be
written as

x'2 = x'0 + 1 + β,    where 0 ≤ β. (35)

Since x'0 is a floating-point number, x'0 can be expressed as

x'0 = n + α, n ∈ Z, 0 ≤ α < 1. (36)

Substituting Eq. (36) into Eq. (35), x'2 can be written as

x'2 = x'0 + 1 + β = n + α + 1 + β

or

x'2 = n + 1 + α + β. (37)

For the truncation case, the condition α + β ≥ 1 is required
in Eq. (37).  Since 0 ≤ α < 1 and β > 0, this truncation
requirement can certainly be met.  In contrast, the round-

off case requires that α < 0.5 in Eq. (36), and that
α + β ≥ 0.5 in Eq. (37). This round-off requirement can
similarly be met.  For example, in Theorems 1 and 2
above, θ = 135º, β = 0.414... and β = 0.4 can, therefore,
certainly be chosen.  Hence, with α and β both chosen as
0.4, it follows that α + β = 0.4 + 0.4 = 0.8 ≥ 0.5.

In fact, from elementary trigonometry, the values of
β in Eq. (34) vary from βmin = 0 to βmax = –1 (or
0.414...).  In this range, one can choose values of α and β
which satisfy the requirements of both the truncation and
round-off functions.  For Eq. (33), with the roles x'0 and
x'2 interchanged, exactly the same reasoning can be ap-
plied.  The implication from this is that

TRUNCATE(x'0) = n, and TRUNCATE(x'2) = n + 2
(38)

and

ROUND(x'0) = n, and ROUND(x'2) = n + 2. (39)

That is, there is a hole between p'0 and p'2.  Having dis-
cussed the x coordinates of p'0 and p'2, our focus can be
placed on their corresponding y coordinates (Case 2).

Case 2. In Eq. (31), when θ (not a multiple of 90º) is in the
first or the third quadrant, sinθ + cosθ > sinθ –cosθ,
and y'0 –y'2 is the larger term.  From Eq. (31), it fol-
lows that

(40)

In this case, with sin2θ > 0, Eq. (40) is found to hold.
Using the same approach as in Case 1, it can be shown
that there also exists a hole between p'0 and p'2. Q.E.D.

The proof of (13) ASSOC(p'1,p'3) = 1 is as follows:

Proof. In this case, the related equations are

(41)

(42)

Comparing Eq. (41) and Eq. (42) with Eq. (30) and Eq.
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(31), it is seen that Eq. (41) and Eq. (42) are exactly the
same as Eq. (30) and Eq. (31) except that x'0 –x'2 (Eq.
(30)) and y'0 –y'2 (Eq. (31)) are replaced by y'1 –y'3
(Eq. (42)) and x'1 –x'3 (Eq. (41)), respectively.

Hence, the derivation steps for the present condition
(13) should be the same as those for condition (12) and
can thus be omitted.  Following the same argument used
in condition (12), we have proved condition (13), that a
hole is generated between p'1 and p'3. Q.E.D.

In the above discussion, one thing is worth mention-

ing: For the inequality to hold,

when θ is in the first or third quadrant, the larger term is
x'1 –x'32.  When θ is in the second or fourth quadrant ,
the larger term is, instead, y'1 –y'32.

Combining (12) and (13) above, it follows that for
all quadrants, there are cases in which there is a hole (both
horizontally and vertically) surrounded by the four rotated
points p'0, p'1, p'2 and p'3, regardless of whether the trunca-
tion or the round-off conversion is applied afterwards.
That is, neither Rθt nor Rθr is an I.R.

Having discussed the conditions under which holes
may occur, it may be useful to discuss some hole-free
cases.

Let p0, p1, p2 and p3 form a 4NAP in the plane P.
After either an Rsr or Rst rotation, the corresponding rotat-
ed points p'0, p'1, p'2 and p'3 are calculated as in Eqs.
(3)–(6).  Assume that θ, the angle of rotation, is such that
θ = n ×90º, n ∈ I.  There are four cases to be considered.

Case 1.  When n = 4k, k ∈ I, cosθ = 1, and sinθ = 0, Eqs.
(3) – (6) can be simplified to

p'0 = (x, y), p'1 = (x + 1, y), p'2 = (x + 1, y + 1),

and p'3 = (x, y + 1). (43)

Case 2. When n = 4k + 1, k ∈ I, cosθ = 0, and sinθ = 1,
Eqs. (3) – (6) can be simplified to

p'0 = (–y, x), p'1 = (–y, x + 1), p'2 = (–(y + 1), x + 1),

and p'3 =(–y, x). (44)

Case 3. When n = 4k + 2, k ∈ I, cosθ = –1, and sinθ = 0,
Eqs. (3) – (6) can be simplified to

p'0 = (–x, –y), p'1 = (–(x + 1), –y),

p'2 = (–(x + 1), –(y + 1)), and p'3 =(–x, –(y + 1)). (45)

Case 4. When n = 4k + 3, k ∈ I, cosθ = 0, and sinθ = –1,
Eqs. (3) – (6) can be simplified to

p'0 = (y, –x), p'1 = (y, –(x + 1)), p'2 = (y + 1, –(x + 1)),

and p'3 =(y + 1, –x). (46)

Observing the above equations (Eqs. (43) –(46)) care-
fully, it is seen that ASSOC(p'i, p'j) = 0, ∀i, j, 0 ≤ i ≤ 3, 0 ≤
j ≤ 3, and i ≠ j in all cases.  From Definition 5, p'0, p'1, p'2
and p'3 form a 4NAP, which implies that there does not
exist a hole surrounded by p'0, p'1, p'2 and p'3.  Note that it
is not difficult to prove that the above conclusion is true,
regardless of whether the truncation or the round-off func-
tion is applied later in the post-integer-conversion.  Thus,
both Theorem 5 and Theorem 6 are seen to hold, and both
Rsr and Rst are I.R.s.

To enhance our understanding of the above theoreti-
cal derivations, experiments were conducted using Visual
Basic as the implementation language in the experiments.
Parts (a), (b), (c), and (d) in Fig. 4 accord with Theorems
1-4 while parts (a), (b), (c), and (d) in Fig. 5 accord with
Theorems 5 and 6.

The experiments show clearly that every part of Fig.
4 has generated holes (in its rotated image) while no part
of Fig. 5 has generated holes.

x x y y' ' ' '1 3
2

1 3
2 2− + − >
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Fig. 4. An original rectangular image and its rotated images for various
rotation angles.

(a) θ = 15º (b) θ = 45º

(c) θ = 85º (d) θ = 135º



IV. Conclusions

This paper has proposed a mathematical model for
the most frequently used image rotation formula, Eq. (1),
to deal with the hole effect.  This model includes, among
other things, the associative function and post-integer-con-
version functions.  Using this model, it has been shown

that for some rotation angles, the rotated image may have
points lacking relation to any point of the original image;
i.e., there are holes in the rotated image.

In order to draw the rotated pixels, usually either the
truncation or the round-off function (post-integer-conver-
sion) is used to get the integer values of the coordinates
for the floating-point values.  In the past, many people
believed that the hole effect was due to this treatment.
However, this is not true.  The truth is that long before
post-integer-conversion was applied, hole effects had al-
ready been witnessed.  Post-integer-conversion has abso-
lutely no effect on whether or not a hole occurs.  Rotating
images without the occurrence of holes is clearly of both
theoretical and practical value.

This paper has made some contributions in this
regard.  Firstly, the associative function, post-integer-con-
version, 4NAP, 4FAP, and ideal rotation have been used
together to construct a mathematical model.  In addition,
the various hole effects have classified into six theorems.
Finally, experiments have been conducted under MS Win-
dows 98 to illustrate the validity of the approach.  This
model can, therefore, be used to design new hole-free
rotation algorithms.
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Fig. 5. An original rectangular image and its rotated images for special
rotation angles.

(a) θ = 0º (b) θ = 90º

(c) θ = 180º (d) θ = 270º
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