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ABSTRACT

We consider here the inventory replenishment policy over a fixed planning period for a deteriorating
item having a constant demand with shortages. This paper also presents a line search technique adopting
the discounted cash flow approach to decide on the optimal interval which has positive inventories. One
numerical example illustrates how the procedure works.
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I. Introduction

Usually, analysis of inventory systems is carried
out without considering the effects of deterioration.
Fortunately, for most items, the rate of deterioration
is so low that there is little need for consideration of
deterioration in determining economic lot sizes.
However, there are items such as highly volatile sub-
stances, radioactive materials etc. for which the rate
of deterioration is very large. In addition, in a few
fields, such as perishable foods and the production of
certain chemicals and electronic components, signifi-
cant deterioration may occur during normal storage
periods. Therefore, loss from deterioration should not
be ignored.

In general, inventory models in which items
deteriorate while in storage can be broadly divided into
two catagories:

(1) Inventory models with items having a fixed life
time: These items are called perishable items.
(2) Inventory models with items having a stochastic
life time: These items are called deteriorating
items.
This paper only is concerned with deteriorating items.
Nahmias (1982) provided a reference list of 77 peri-
odicals and books dealing with ordering policies for
perishable inventories. Raafat (1991) presented a
complete and up-to-date survey of the published inven-
tory literature for deteriorating inventory models. The
above literature reveals that perishable and deteriorat-

ing models have received particular attention, and that
a considerable amount of work has been done. °
The first attempt to describe optimal policies for

deteriorating items was made by Ghare and Schrader
(1963), who derived a revised form of the economic
order quantity (EOQ) model assuming exponential de-
cay. This model was extended to consider Weibull
distribution deterioration by Covert and Philip (1973),
and was further extended to the case of general dis-
tribution deterioration by Shah (1977). Dave (1979)
considered a deterministic order level inventory model
continuous in units and discrete in time. Dave and Patel
(1981) developed an inventory model for deteriorating
items with time-varying demand and presented analysis
for a linear increasing trend only. Dave and Patel’s
model was extended by Sachan (1984) to cover the
backlogging option. Bahari-Kashani (1989) suggestea‘
a heuristic to deal with it. Chung and Ting (1994),
revealed a heuristic which adjusted and improved the
approximate procedure in the Bahari-Kashani model.
Recently, Ting and Chung (1994) studied the inventory
replenishment model for deteriorating items with a
linear trend in demand considering shortages. On the
other hand, Hollier and Mak (1983) considered a demand
rate which was decreasing negative exponentially and
obtained optimal replenishment policies under both
constant and variable replenishment intervals. Aggarwal
and Bahari-Kashani (1991) discussed a production-
inventory system for a line of products in which the
items were deteriorating at a constant rate, the demand
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rate decreased negative exponentially, and no short-
ages were allowed. Goswami and Chaudhuri (1991)
studied the inventory replenishment policy over a fixed
planning period for a deteriorating item having a
deterministic demand pattern with a linear trend and
shortages.

In all of the above mentioned models, the time
value of money was disregarded. Generally speaking,
although time value corrections for time intervals of
less than a year are considered to be relatively small,
we can not conclude that time value corrections are not
needed since the contribution of time value to inventory
management depend upon the kind of model, the length
of the inventory cycle and the type of interest rate.
Therefore, it is important to investigate how time value
influences various inventory policies. Trippi and Lewin
(1974) adopted a discounted cash flow (DCF) approach
to obtain the present value of average inventory costs
over an infinite horizon. Dohi et al. (1992) discussed
inventory systems without and with backlogging al-
lowed for an infinite time span, taking into account time
value from a viewpoint different from that of Trippi
and Lewin (1974). Moon and Yun (1993) employed
the DCF approach to fully recognize the time value of
money to develop a finite planning horizon EOQ model
where the planning horizon is arandom variable. Hariga
(1994) studied the effects of inflation and the time
value of money on the replenishment policies of items
with time continuous non-stationary demand over a
finite planning horizon. Although all the models
mentioned in this paragraph consider the time value of
money, they do not consider deterioration. The above
literature also reveals that both the finite horizon and
the infinite planning horizon are simultaneously adopted
in the inventory system. Gurnani (1983) applied the
DCF approach to the finite-planning horizon EOQ
model, in which the planning horizon is a given con-
stant, and indicated that an infinite planning horizon
rarely occurs in practice because costs are likely to vary
disproportionately and because of changes in product
specifications and design when a product is discontin-
ued or replaced by another product due to rapid tech-
nological development. Chung and Kim (1989) also
suggested that the assumption of an infinite planning
horizon is not realistic and called for a new model
which relaxes the assumption of an infinite planning
horizon. The objective of this study was to develop
inventory models having constant demand with short-
ages over a finite planning horizon, from which optimal
policies could be obtained while giving due consider-
ation to deterioration effects and the time value of
money. We apply the DCF approach to determine the
optimal number of replenishments to be made and the
corresponding cycle length, consisting of positive and

negative inventories periods. Furthermore, this paper
presents a procedure which uses a line search method
to approximate the optimal cycle interval which has
positive inventories. Finally, a numerical example is
also given to illustrate the procedure.

II. The Mathematical Model and
Analysis

We need the following notations and assumptions
to develop the model.

(1) A single item is considered over a prescribed
period of H units of time.

(2) The demand rate, D units per year, is known and
constant.

(3) The rate of replenishments is infinite; the replen-
ishment interval is constant; the lead time is
zero. Atthe beginning of every inventory cycle,
a constant lot-size Q is ordered to meet demands
during replenishment interval T except for the
final cycle because the backlogged demands of
the first cycle are met by the second replenish-
ment, and the last cycle do not allow shortages.

(4) Shortages are allowed except for in the final
cycle. Shortages are also assumed to be com-
pletely backlogged and filled as soon as fresh
stock arrives.

(5) The constant rate of deterioration, 0, is only
applied to on-hand inventory, and there is no
replacement or repair of deteriorated units dur-
ing the period H.

(6) The relevant costs are the inventory carrying
cost k per unit per year applied to good units
only, the shortage cost & per unit per year, the
deterioration cost ¢ per unit, and the replenish-
ment cost S per order, which are all known and
constant during the period H.

(7) The inventory carrying cost, shortage cost and
deterioration cost are assumed to be proportional
to the inventory level and are incurred instan-
taneously.

(8) A DCF approach is adopted to consider the time
value of money. The discount rate ¢ is com-
pounded continuously.

(9) The order quantity, inventory leyel, deteriora-
tion and demand are treated as continuous vari-
ables, and the number of replenishments is treated
as a discrete variable.

The total time horizon H is divided into m equal
parts of length 7T, so that T=H/m. The reorder times
over the time horizon H will be jT (j=0, 1, 2, ...,
m~1). Initial and final inventories are both zero. The
inventory system is described graphically in Fig. 1.
Figure 1 reveals that each inventory cycle except the
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Fig. 1. State diagram of the inventory system for one cycle.

last cycle can be divided into two subperiods of length
Ty and T, respectively. We assume that the period for
which there are positive inventories in each interval
is [jT, jT+T;] and the period for which there are nega-
tive inventories in each interval is [j7+T}, (j+1) T] where
Jj=0, 1,2, ..., m—2. In each interval [T, (j+1)7], short-
ages occur at time j7T+77, where j=0, 1, 2, ..., m—2. The
last replenishment occurs at time (m—1)7T, and short-
ages are not allowed in the last period [(m—1)T, H].

The problem is to obtain optimal values of m and
T, which will minimize the cost over the finite planning
horizon [0, H]. The inventory level of the system at
time ¢, I(¢), over period [0, 7] can be described by the
following equations:

dfi(tt) +6I(=-D 0<t<T], 0y
dfl’(tt) -D TS+ T=T. 2)

The solution of the above differential equations
using boundary condition I(77)=0 is

or; _ o
1(z)=% [e—eetL], 0<t<T;, 3)

I(t)=—D(+-T,), T\St£T1+T-=T. @)

The present value of the inventory carrying cost:
The inventory carrying cost at time ¢ is AI(f). The
present value of the inventory carrying cost is obtained
by discounting kI(¢) at a rate of ¢, i.e. hI()e"*. Hence,
the present value of the inventory carrying cost for the
first cycle is

Ti GTI 6
Wl Dre—5e e war.
JO 0 [ o0 le t %)
Equation (5) can be simplified as

hD{

I [1- —(a+9)7i]+%“(e—‘ﬂi_1)}. (6)

6

The present value of the deterioration cost: The
number of deteriorated units is equal to 8I(¢). Thus,
the present value of the deterioration cost for the first
cycle is

L 6T, _ 6
cf D[ &35
1] e

_e—(a+9)71]+

e *dt

iy LoDy,

The present value of the shortage cost: According
to the above arguments, the present value of the short-
age cost for the first cycle can be shown as

T
af " Dre =y
0

z_loz{ze—wrl[Tze—der,%l(e-“fz_l)]. (8)

Under the assumption that there are m replenishments
over [0, H],

the total cost for the first cycle

= replenishment cost + inventory carrying cost
+ deterioration cost + shortage cost

=5+ (2

[1-e @+OT]4

L -1}

—T2 T - e *T- D+ L (e *T-D-1)).
©)

Equation (9) can be simplified as
the total cost for the first cycle

_hD+cDO o1, DA(h+c0)+D(C+0) o
ICTI)N X0+ 6)

+ D ot D o7 4 )4 (5-HDE DOy
(10)

Therefore, the present value of the total cost during the
first (m—1) inventory cycles can be written as follows:

miz e_io!r{hD"'CDe 9T1+D0€(h+09)+ TD(o+ 9) - of,
i=0 0(c+6) ¢ aXa+ 6)

+%Ee_ﬂ_%QE_M(T+%)+(S—hD;gDe)}

l—e @@=V hD+cDO h
1-e@  ‘0@+6)°
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Doth + cO) + D(0 + 9) .
+ 5 1
o¥(a+ 0)

+”—aDTi e‘lﬂ'_%e—ﬂ(T_i_%“_)_i_(s_ hD-&gDe)}
(1)
Because shortages are not allowed in the last cycle,

based on the previous discussion, the total cost during
the last cycle is

S+(hD [1 e (a+9)T]+ 1 (e—dT 1)}

(12)

aG

Hence, the present value of the total cost during the
last cycle is

e—a(m—l)T{S_'_(hTD

6T
a€+6(1_e—(a+9)T)

+ g (T -1)1}. 3)

Consequently, the present value of the total cost over
the entire planning horizon TC(m, Ty) is

TC(m,T)
_1-e " hD+ DO o
Tl f(a+0)

Da(h+09)+ wD(0+ 9) - of,
oo+ 6)

”D]i —al _ ﬂ'D o!I'(T+ 1)+(S hD+CD9)}
£

+e @m-TT1g (hTD

or
+cD)[ Of

m 9(1_ e—(a+ G)T)

+ L@ T-1). (14)

We substitute H/m for T. Then, Eq. (14) can be sim-
plified as follows:

TC(m,T;)
I . ' (hD+cD8 o
1 — g “Him 6(a+8)

Da(h+c9)+7rD(a+ 0) -
a2(a+ 0)

_oH —
+%’Iie i _ZrQ m( (S hD+CD9)}

N

+e—oﬂ<1—%>{ hD+cDO o D(h+ch) o
0(a+0) a(a+0)

+(§-hD1eDOyy (15)

Let Q;_; be the lot size in ith cycle, where i=1,
2, ..., m. From Eq. (3), the lot sizes for the first cycle
and the last cycle are

Q=10 =T (- 11,

and Q,_ =5 [eT-1]+DF. (16)
Lot sizes for the remaining cycles, i=2, 3, ..., m—1, are
0,.1=1(0)+DT,. an

I1l. The Solution Procedure

The purpose of the paper is to determine the
optimal values of m and T; which minimize TC(m, T).
For a given value of m, taking the first and second
derivative of TC(m, T;) with respect to Ty, we obtain

drc _1-& 0w (hD+cDB or
d]i 1—8_% a+6
_Do(h+c6)+7D(0+0) e
a(o+0)
ol
+ D oy, (18)
and
PTC 1-¢ 0% 9(hD+cDO) 0%
dT? e o+ 0
Da(h+c6)+rcD(a+0) )50 (19)
a+ 0 )
2
Because d;C is positive, for a given value of m,

TC('m, ) is1 convex with respect to T, and the first
dérivative of TC(m, T;) with respect to T increases as
well. Therefore, for a given value of m, the optimal
value ﬂ*(m) is the unique solution of Eq. (20):

hD + cDO O Do(h+cO)+aD(a+0) -
o+ 0 a(a+0)

_oHd
+ D g,

o 20)
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Let
f(T)=hD+cD9 o7 _ D(Z(h+c9)+7tD(0!+9) o,
1 a+e a(a+0)
o
+ D (1)

Then, f increases with respect to T1, and T (m) is the
optimal value if and only if f( *(m)=0 for a given
value of m. Since TC(m, T;) is convex with respect
to T the Newton-Raphson method can be used to find
the optimal value of T for a given value of m. However,
it may not be easy for a practitioner with limited
mathematical knowledge to understand the Newton-
Raphson method. In this section, we shall present a
simple algorithm to compute the optimal values of m
and T;. Before describing the algorithm, we need the
following theorem.

Intermediate Value Theorem (Thomas and Finney,
1992): Let g be a continuous function on [«, v], and
let g(u)g(v)<0. Then, there exists a number de (u,v)
such that g(d)=0.

The following algorithm is based on the above
theorem and the uniqueness of the root of Eq. (18). The
algorithm is commonly known as bisection. Now, we
are in a position to outhne the algorlthm to determine
the optimal value T }Im) Note that f(5 m) >0 and f(0)<0.
Hence, 0< T (m)< if m22.

The algorithm
Step 1:If m=1, set T,,=H and go to Step 7.
If m=2, go to Step 2.
Step 2: For a given value m>2, let £>0.
Step 3: Set T;=0 and T;; =3

T +T,
Step 4:Let T, = Lt L,

Step 5: If IiT,,)I<€, go the Step 7. Otherwise, go
to Step 6.

Step 6: If f(T,p)>0, set Ty=T,p;.
If ATop<0, set T;=T,,. Then, go to Step
4,

Step 7: E*(m)zTop, and exit the optimal value.

For a given value of m, the above algorithm can
find the optimal value T} (m) The optimal integer m
can be selected as follows:

The criterion for selecting the optimal number of
replemshments Letm*be the smallestinteger such that
TC(m*, T, (m*))< (G, 1 (1)) for all j=m*+1, m*+2,

., m* + mstop. Then, we take m* as the optlmal
number of replenishments. Consequently, (n* , T} (m*))
is the optimal solution of TC(m, T)).

Montgomery (1982) presented a computer pro-

gram for the optimal economic design of an "X -control

chart. Montgomery’s search procedure essentially
consists of two phases. The second phase of optimi-
zation finds the optimal control limit coefficient k and
the optimal sampling interval 7 for each value of n
in the interval max{1, n*—10}<n<n*+10, where n* is
the optimal sample size in phase 1 of Montgomery’s
search procedure. Based on the point of view of
Montgomery (1982), we can take mstop=10.

IV. A Numerica'l Example

Let $§=200, h=2, n=10, ¢=20, a=0.1, 6=0.08,
D=1000, H=3 and £=0.001. The above algorithm is
employed to solve Eq. (18) for T} to yield the results
shown in Table 1. Using the criterion for selecting the
optlmal number of replenishments, we find that m*=9,
T *9)=0.2434, T*=0.3333, TC(9, T, *(9))=3029.0444.
Qy=245.7852, Q,=245.7852+89.9=335.6852 for all i=1,
2, ..., 7, and Qg=337.7833+89.9=427.6833.

V. Conclusions

In this paper, we have derived an inventory
model for deteriorating items with shortages during
a finite planning horizon while considering the time
value of money. We have also shown that the present
value of the total cost over a finite planning horizon
is convex. A simple solution algorithm using a line
search method has been presented to determine the
optimal interval which has positive inventories. A
numerical example has been given to illustrate the
solution algorithm.

Table 1. Optimal Solution of the Numerical Example

m T, (m) T* TC(m, T*)
1 3.0000 3.0000 16175.9315
2 1.0672 1.5000 8807.5399
3 0.7195 1.0000 5523.6366
4 0.5427 0.7500 4227.2873
5 0.4355 0.6000 3601.9223
6 0.3637 0.5000 3277.4276
7 0.3123 0.4286 3112.1009
8 0.2735 0.3750 3040.6606
*9 0.2434 0.3333 3029.0444
10 0.2192 0.3000 3057.8091
11 0.1994 0.2727 3115.0756
12 0.1829 0.2500 3193.1885
13 0.1689 0.2308 3286.9985
14 0.1569 0.2163 3392.9169
15 0.1464 0.2000 3508.3681
16 0.1373 0.1875 3631.4565
17 0.1293 0.1765 3760.7563
18 0.1221 0.1667 3895.1749
19 0.1157 0.1579 4033.8614

-672—



Economic Analysis of Inventory System

References

Aggarwal, V. and H. Bahari-Kashani (1991) Synchronized produc-
tion policies for deteriorating items in a declining market. //E
Transactions, 23, 185-197.

Bahari-Kashani, H. (1989) Replenishment schedule for deteriorating
items with time-proportional demand. Journal of Operational
Research Society, 40, 75-81.

Chung, K. H. and Y. H. Kim (1989) Economic analysis of inventory
systems: a rejoinder. The Engineering Economist, 35, 75-80.

Chung, K. J. and P. S. Ting (1994) On replenishment schedule for
deteriorating items with time-proportional demand. Production
Planning and Control, 5, 392-396.

Covert, R. P. and G. C. Philip (1973) An EOQ model for items with
Weibull distribution deterioration. AIIE Transactions, 5, 323-
326.

Dave, U. (1979) On a discrete-in-time order-level inventory model
for deteriorating items. Journal of Operational Research So-
ciety, 30, 349-354.

Dave, U. and L. K. Patel (1981) (T, S,) policy inventory model for
deteriorating items with time-proportional demand. Journal of
Operational Research Society, 32, 137-142.

Dohi, T., N. Kaio, and S. Osaki (1992) A note on optimal inventory
policies taking account of time value. RAIRO-Operations
Research, 26, 1-14.

Ghare, P. M. and G. F. Schrader (1963) A model for exponentially
decaying inventories. Journal of Industrial Engineering, 14,
238-243.

Goswami, A. and K. S. Chaudhurni (1991) An EOQ model for
deteriorating items with shortages and a linear trend in demand.
Journal of Operational Research Society, 42, 1105-1110.

Gurnani, C. (1983) Economic analysis of inventory systems. In-

ternational Journal of Production Research, 21, 261-277.

Hariga, M. A. (1994) Economic analysis of dynamic inventory
models with non-stationary costs and demand. International
Journal of Production Economics, 36, 255-266.

Hollier, R. H. and K. L. Mak (1983) Inventory replenishment policies
for deteriorating items in a declining market. International
Journal of Production Research, 21, 813-826.

Montgomery, D. C. (1982) Economic design of an X -control chart.
Journal of Quality Technology, 14, 40-43.

Moon, I. and W. Yun (1993) An economic order quantity model
with a random planning horizon. The Engineering Economist,
39, 77-83.

Nahmias, S. (1982) Perishable inventory theory: a review. Opera-
tions Research, 30, 680-708.

Raafat, F. (1991) Survey of literature on continuously deteriorating
inventory models. Journal of Operational Research Society, 42,
27-37.

Sachan, R. S. (1984) On (7, S)) policy inventory model for dete-
riorating items with time proportional demand. Journal of
Operational Research Society, 35, 1013-1019.

Shah, Y. K. (1977) An order-level lot-size inventory model for
deteriorating items. AIIE Transactions, 9, 108-112.

Thomas, G. B. and R. L. Finney (1992) Calculas with Analytic
Geometry, 8nd Ed. Addison-Wesley Publishing Company, Inc.,
Reading, MA, U.S.A.

Ting, P. S. and K. J. Chung (1994) Inventory replenishment policy
for deteriorating items with a linear trend in demand considering
shortages. International Journal of Operations and Production
Management, 14(8), 102-110.

Trippi, R. R. and D. E. Lewin (1974) A present value formulation
of the classical EOQ problem. Decision Sciences, 5, 30-35.

-673 -



K.J. Chung and J. Liu

TE fou ok & B FREHEE 2 R
BALEY) i A7 B R Z AR ST

BELC BAR
EWTHEHNRE TEEWR
w =

FESLRGREL ~ HHEREE A HRIET - AP RREHBAMEY G 2 B W TR o [FIRRE R s TSR A
FMHESRBZBET » R —FUHEEFRURECEHEFRBZRERHEN - BEU—EH TREBRFEE -

- 674 -



